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Two Interacting Vortex Ring Pairs and Their Sound Generation

N. W. M. Ko, ¤ R. C. K. Leung,† and K. K. Lam‡

University of Hong Kong, Hong Kong, People’s Republic of China

This paper reports a numerical study of the interactions of two coaxial thin vortex ring pairs and their far-� eld
sound generation. Out of the different varieties of widely differing near-� eld vortex patterns, four basic types
of interactions with their associated different degrees of ampli� cation and attenuation of the far-� eld sound are
identi� ed. These four types are found to depend on the circulation ratio, radius ratio, separation ratio, and phase.
The suppression of the interaction, caused by the introduction of the control vortex ring pair, results in the slight
and moderate attenuation of sound. The initial and continuous rapid and intense interactions with either vortex
rings of the control pair are responsible for the moderate ampli� cation and intense ampli� cation, respectively. This
study, thus, establishes the importance of the understanding of the interaction dynamics and their patterns on the
far-� eld sound generated. Except for the results of intense ampli� cation, the results generally agree with coaxial
jets of normal and inverted mean velocity pro� les.

Nomenclature
A, a = constants depending on core vorticity distribution
c0 = ambient speed of sound
D = nozzle diameter of circular jet
Di , Do = inner and outer diameters of coaxial jets,

respectively
ez = streamwise unit vector
f = frequency
n = unit vector normal in the direction of vortex ring

propagation
p, p 0

max , p 0
rms = far-� eld, maximum, and rms pressures,

respectively
p 0

2,max , p 0
2,rms = maximum and rms far-� eld pressures,

respectively, two vortex ring system
R = initial vortex ring radius
r = radial distance from origin
SrD = Strouhal number, based on jet nozzle diameter D
s = element arc length on the vortex ring
t = time in � ow� eld; retarded time in sound � eld
UI = induced velocity on vortex ring
Ui , Uo = inner and outer jet exit velocities, respectively
UT = self-induced translational velocity of an isolated

vortex ring
V = total propagation velocity of a vortex ring,

UT + UI
Vr , Vz = radial and streamwise components of vortex ring

propagation velocity, respectively
x, x̂ = far-� eld displacement and its unit vector,

respectively
y = near-� eld displacement
z = streamwise distance from origin
ær , æz = radial and streamwise components of vortex ring

acceleration, respectively
C = vortex ring circulation
D SPL = sound pressure level difference
k acou = acoustic wavelength
k c = initial separation between the pair of control

vortex rings
k o = initial phase shift between the control and

original trailing vortex rings
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k T = initial separation between the pair of original
vortex rings

n = angle between far-� eld displacement and
common axis of vortex rings

q 0 = density of ambient � uid
r = effective vortex ring core radius
s = far-� eld observer time, t + j xj / c0

Subscripts

CL = leading vortex ring, control vortex ring pair
CT = trailing vortex ring, control vortex ring pair
i, j = indices
L = leading vortex ring, original vortex ring pair
T = trailing vortex ring, original vortex ring pair

Introduction

I N an initially laminar circular air jet pairings of vortex rings are
found as the major activities that form the coherent structures

and have been suggested as the sound source.1 –4 Mutual threading,
or slip through, of two adjacent vortex rings having circulation of
the same sign can be consideredas a form of pairing.5 Based on the
vortex � lament model, the analytical and numerical results suggest
a sound pulse is generated at or near the slip through instant, when
the two vortex rings are on the same plane.2 , 6 The importance of
accelerationand decelerationof the vortex rings,be they of thin-and
� nite-sized core, in the production of sound was established.7 , 8 By
de� ning the vortical structure in a single-jet shear layer as a given
pattern in the velocity signal, the experimental results of accelera-
tion showed that accelerationand decelerationof the initial vortical
structures were highly related to the production of jet noise.7 Part
of the far-� eld noise was generated when the trailing vortex ring
acceleratedand slipped through the leading one. For vortex rings of
� nite core, besides radial acceleration, axial jerks of their vorticity
centroids during their mutual slip through are also important in the
sound generation.8

Based on a simpli� ed vortex pairing noise model of mutual slip
through of two thin planar vortex rings for a low-Mach-number
circular jet, the recentnumericalresults9 illustratedtheeighthpower
law of Lighthill.10 The linear relationshipof the amplitudeof sound
with nozzle diameter is also consistent with the existing jet sound
theories at 90-deg emission angle. This indicated the importance
of the understanding of the pairing of vortical structures on the jet
noise generation.

Introduction of a concentric annular jet, forming a coaxial jet,
was found to suppressor amplify jet noise.11 – 14 In comparison with
a fully mixed equivalent single jet,12 de� ned as having a uniform
exit pro� le of the same thrust, mass � ow rate, and exit area as the
coaxial jet, the jets with mean velocity ratio Uo / Ui less than unity
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are consistently noisier. The coaxial jets with mean velocity ratio
greater than unity, the inverted velocity pro� le, are slightly quieter.
The suppression and ampli� cation were found to depend on the
mean velocity ratio, area ratio, and frequenciesof the components.

The evolution of near-� eld � ow structures in coaxial jets were
found, besides the area ratio, to depend on velocity ratio and abso-
lute velocities of the two streams.15 – 20 The investigations indicated
a variety of widely differing vortex patterns from the two streams.
For coaxial jets with mean velocity ratio smaller than unity, the � ow
dynamicsaredominatedlargelyby the vorticesthat form in the outer
shear layer.For those with mean velocityratio greater than unity, the
outer jet also dominates the � ow structures. Two � ow regimes are
identi� ed, depending on whether the mean velocity ratio is smaller
or larger than the critical value.20 For the former, locking between
the two layers is found,19 whereas for the latter, an unsteady recir-
culation bubble with low-frequency oscillation occurs in the inner
jet, approaching that of the limiting case of annular jet.21 – 23 Al-
though there was an attempt in correlating the noise characteristics
for the special case of an annular jet with its shear layer dynamics24;
however, there is the absence of detailed study on the noise genera-
tion mechanism associated with the � ow dynamics of the coherent
structures and their complicated interactions.

As the numerical model on the mutual slip through of two thin
vortex rings achieves the agreement with the noise generation of
single jet,9 the recent numerical study concerned the effect of the
presence of a thin control vortex ring of varying circulation and
size on the pairing sound of two identical thin vortex rings.25 In
no background � ow case the model mainly concerned their simple
interactions, without amalgamation and coalescence, of these thin
vortex rings, having the same and opposite sense of rotation. For
the control vortex ring of the same sense of rotation, only sound
ampli� cation is found. However, ampli� cation and attenuation of
sound are possible for the interaction of an opposite sense control
vortex ring with the two original pairing rings. Four basic types of
vortex ring interactions, out of the large variations of radius ratio,
circulation ratio, and separation, resulting in different degrees of
ampli� cation and attenuation, were established.

In the initial region,very near the nozzleexit, of coaxial jets, there
are two trains of initial vortex rings.15 –17 Thus, the present study
extends the investigation to the interaction of two pairs of vortex
rings of varying properties and the sound generated. Although the
backgroundaxisymmetric potential � ow and its gradient have been
included in another numerical study of vortex ring pairing sound,26

the simpli� ed axisymmetric vortex model of thin inviscid vortex
ring, without the background potential � ow, is still adopted. Again,
coalescence and amalgamation of the four interacting vortex rings
are not considered. As the model used is a simpli� ed one, which
is different from the real free shear � ows of coaxial jets, making
comparison with real � ows is dif� cult. However, the results of the
two interacting pairs will be compared with those of a single pair
with a control vortex ring and of the available experimental results
of coaxial jets.

Model for Coaxial Vortex Ring Pairs and Pairing Sound
The present investigation focuses � rstly on the sound generated

by the interaction of two vortex ring pairs and then their mutual
threadingmotion.Sound radiationfromvortexcoalescenceor amal-
gamation, in which any two interacting vortex rings merge, either
partially or completely8 to form a single vortical structure is not
considered. During interaction, the axisymmetry of all the vortex
rings is preserved. As the pairing of two identical vortex rings and
its sound generation,which are used as the basis for quantifying the
sound ampli� cation and attenuationcaused by the presence of con-
trol vortices, have been well documented in previous studies,9, 27

they are not repeated here. An additional pair of identical vortex
rings of varyingproperties is introducedinto the original two vortex
ring system, and the motion of all vortices, as well as the associated
sound generation, is computed (Fig. 1).

The velocity Vi (Vz,i , Vr,i ) of the i th vortex ring at position
yi (zi , ri ) of the four vortex ring system is composed of its self-
induced translational velocity UT ,i , which is its self-propagating
velocity because of its � nite curvature, and the velocity UI ,i caused
by mutual induction by other vortices. zi and ri , respectively, rep-

Fig. 1 Schematic diagram of four vortex ring system.

resent the streamwise and radial coordinates, with the streamwise
direction aligning with the self-propagatingvelocity of the original
two vortex ring system. This choice of streamwise direction is con-
sistent with the direction of propagationof vortical structures in the
shear layers of axisymmetric jets.5, 15 , 17 Using the vortex � lament
model for inviscid and incompressible� ow,2 , 28 the total velocityVi

of the vortex ring with circulation C i can be expressed as28

Vi = UT ,i + UI ,i =
C i

4p Ri [log(8Ri

r i ) ¡
1
2

+ A]ez

¡
1

4 p
^

i 6= j
* C j

yi ¡ y j

( j yi ¡ y j j 2 + a r 2
j )
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ds j
ds j (1)

where a = exp( ¡ 1 ¡ 2A). For vortex core with uniform vorticity
distribution, A = 1

4
(Refs. 9 and 28). Condition of incompressibil-

ity requires the quantity Ri r
2
i be kept constant throughout the en-

tire computation.9 The position yi (zi , ri ) of the i th vortex ring can
be obtained by integrating Eq. (1) with respect to time using the
fourth-order Runge–Kutta method, and its acceleration ææi is given
by differentiating the position yi twice with respect to time:

ææi = (æz,i , ær,i ) =
d2

dt 2
(zi , ri ) (2)

The far-� eld sound p(x, s ) generated by unsteady vortical � ow
in an unbounded � uid can be obtained by solving the following
inhomogeneouswave equation:

r 2 p ¡
1

c2
0

@2 p

@ s 2
= ¡ q 0 r ¢ ( x £ u) (3)

For an acoustically compact low-Mach-number � ow, where all of
the characteristic � ow velocities and lengths of the vortical region
are small in comparison with the ambient speed and wavelength
of the generated sound, the whole � uid domain can be separated
into a near vortical � ow � eld and a far acoustic � eld. Möhring2

formulates an integral convolution solution to Eq. (3) with a vector
Greens function and obtains

p(x , s ) =
q 0

12 p c2
0 j x j 3

@

@t * (x ¢ y)y ¢ ( x £ x) d3y (4)

where the integrand and time differentiation are evaluated at the
retarded time t , where t = s ¡ j xj /c0 . For a system of thin vortex
rings moving along a common axis parallel to unit vector n, the
sound pressure � uctuations p(x, s ) at a distance x in the far � eld
are of the form2

p(x, s ) =
q 0

4c2
0 j x j 3[x ¢ (nn ¡

1

3) ¢ x]d3 Q

dt 3

=
q 0

4c2
0 j x j (cos2 n ¡

1
3)d3 Q

dt 3
(5)

where Q = S i C i R2
i zi and n is the anglebetweenthe far-� eld obser-

ver directionn and the common axis with cos n = x̂ ¢ n. Equation (5)
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shows that the amplitudeof the far-� eld sound pressure � uctuations
is dependenton the third time derivativeof vortexproperties Q only.
The sound � eld has the directivityof that produced by a quadrupole
in the n direction,togetherwith an isotropicquadrupole,as revealed
in the bracketed terms in Eq. (5) (Ref. 2). In the following sections
only the sound pressure � uctuations at zero n will be presented.

The parameters that affect the vortex ring interactions, thus, the
sound generation, are the initial vortex ring circulations C T and
C c , initial vortex ring radii RT and Rc , and initial separations
of the vortices k T and k c of the vortex ring pairs. The regime
of study covers 0.5 · Rc / RT ·2.0, ¡ 1.75 · C c / C T · ¡ 0.01, and
0.01 · C c / C T ·2.00, 0.25 · k c / k T ·2.0. The initial separationof
the original vortex pair k T is set equal to RT . The relative posi-
tions or phase shift between the two pairs of vortices is k o / k T . The
range of k o / k T covers 0, 0.25, 0.5, 0.75, and 1. The core-to-ring-
radius ratiosof all vortex rings are 0.1. All together, therewere 5760
cases computed.Throughout the study the propertiesof the initially
trailing vortex ring, namely C T and RT , are selected as the normal-
ization references. The normalized time, velocity, and acceleration
are t 0 = t / (R2

T / C T ), V 0 =V / ( C T / RT ), and ææ 0 = ææ/ ( C 2
T / R3

T ), re-
spectively. The normalized frequency f 0 is 1/ t 0 . For unity density
the normalized sound pressure is p 0 = p / ( C 2

T / R2
T ). The computa-

tion was carried out at 0 · t 0 ·50. The spatial integration along
the periphery of the vortex ring is done by Simpson’s method with
360 segments.25 The normalized time step used in the computation
is D t 0 = 0.02. Several smaller values of D t 0 and more spatial seg-
ments for each vortex ring have been attempted, but no observable
change of the results was found.

Results and Discussion
As have been presented,25 the maximum normalized far-� eld

pressure p 0
2,max of the original two vortex ring system within the

time span of 0 · t 0 ·50 is 0.715, and its rms sound pressure p 0
2,rms

is 0.21.The maximum sound pressureis radiatedat the instantof the
occurrenceof the slip through process at which high accelerationor
deceleration of the two vortices are found.

With the introductionof the controlvortexringpair, theampli� ca-
tionandattenuationof the far-� eld soundpressurelevel,basedon the
rms pressure p 0

rms, D SPL =10 log10( p 0 2
rms / p 0 2

2,rms) in dB, in compari-
son with that of original two vortex rings within the regime of study
have been computed. The adoption of the rms sound pressure p 0

rms
is because of its relation to the sound power explicitly, if the sound
source is steady or within a short time interval. As there are a lot of
results, only three representativeisocontoursof the chosen parame-
ters are shown in Figs. 2a–2c, indicating the maximum attenuation,
the maximum ampli� cation and that between these two extremes,
respectively. For k c / k T = 1, as the core-to-ring radius ratio of the
vortex ring is 0.1, the results at which two vortex rings initially
overlap are not properly handled by the present model and, thus,
not presented (Fig. 2a). For the isocontours the solid lines indicate
attenuationof sound pressure caused by the presence of the control
vortex pair, and the dotted lines indicate ampli� cation. Generally,
Figs. 2a–2c show that attenuation D SPL is mainly found at ring
radius ratio Rc / RT > 1 and in the � rst quadrant for the control vor-
tex pair with the oppositely sensed circulation ( ¡ 1 < C c / C T < 0).
It is at k c / k T =1.25, k o / k T =0.5 that a region of minor attenua-
tion in the second quadrant for the control vortex ring pair with the
same sensed circulation (Fig. 2c). Ampli� cation is found at other
quadrants, particularly for interactionwith the same sensed control
vortices.

The maximum attenuation of the far-� eld sound pressure level
is about ¡ 13 dB at k c / k T =1.0, k o / k T =0, C c / C T = ¡ 0.50,
Rc / RT = 1.75, and is marked as moderate attenuation (MR)
(Fig. 2a). Its magnitude is signi� cantly lower than the maxi-
mum ampli� cation of about +85 dB at k c / k T =0.25, k o / k T = 0.5,
C c / C T =2.0, Rc / RT =1.25, and is marked as intense ampli� -
cation (IA) (Fig. 2b). The maximum attenuation is found with
the oppositely sensed control vortex pair of half circulation
( C c / C T = ¡ 0.5), the same vortex separation ( k c / k T = 1.0), no
phase shift ( k o / k T = 0), and ring radius (Rc / RT = 1.75) signif-
icantly larger than the original vortex pair. The maximum am-
pli� cation is found with the same sensed control vortex pair of

a) ¸c /¸T = 1.0, ¸o/¸T = 0

b) ¸c /¸T = 0.25, ¸o /¸T = 0.5

c) ¸c/¸T = 1.25, ¸o /¸T = 0.5

Fig.2 Isocontoursofdifference of far-� eld soundpressure: ——, atten-
uation, and ¢ ¢ ¢ ¢ , ampli� cation. Figure represents §§ dB. Regions where
vortex cores overlap are hatched.

higher circulation ( C c / C T =2.0), much smaller vortex separation
( k c / k T = 0.25), larger phase shift with the trailing control vortex
( k o / k T = 0.5), and bigger ring radius (Rc / RT = 1.25) than the orig-
inal vortex pair. Generally, the high sound pressure ampli� cation of
over +80 dB is found at this small vortex separation( k c / k T = 0.25)
of the control vortices of the same direction of rotation and of high
circulation (C c / C T ¸ 1.75). One of the control vortices is adjacent
to either vortex of the original pair.

A representative moderate ampli� cation (MA) of +9 dB at
k c / k T =1.25, k o / k T = 0.5, C c / C T = ¡ 0.75, Rc / RT = 1.0, and
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Fig. 3 Far-� eld sound pressure at intense ampli� cation.Control vortex
pair: ¸c/¸T = 0.25, ¸o/¸T = 0.5, C c/ C T = 2.0, and Rc/RT = 1.25.

Fig. 4 Locations of four interacting vortex rings at intense ampli� ca-
tion: – – –, leading vortex ring; ——, trailing vortex ring; ¢ ¢ ¢ ¢ , control
leading vortex ring; and – ¢ – ¢ –, control trailing vortex ring. Control vor-
tex pair: ¸c/¸T = 0.25, ¸o/¸T = 0.5, C c/C T = 2.0, and Rc/RT = 1.25.

small attenuation (SR) of ¡ 3 dB at k c / k T =1.25, k o / k T = 0.5,
C c / C T =0.5, Rc / RT = 1.75, are shown in Fig. 2c. The control
vortex, be it the leading or trailing one, is farther away from the
original vortex pair and of lower circulation.

For the IA the nondimensional far-� eld sound pressure p 0 with
nondimensionaltime t 0 at k c / k T =0.25, k o / k T =0.5, C c / C T = 2.0,
Rc / RT = 1.25 is shown in Fig. 3. Within the time span of the
present study 0 ·t 0 ·50, there are peaks of extremely high pres-
sure at 20 < t 0 < 41. The magnitude of peak sound pressures is as
high as about 2 £ 104 and are of higher frequencies. The preced-
ing phenomena suggest the presence of the control vortex pair re-
sults in very intense far-� eld sound pressure generation of high
frequencies.

The paths of the four vortex rings at IA within 36 · t 0 ·40 are
shown in Fig. 4, in which very vigorous vortex interactions occur.
In this case the control vortex rings of the same sense of rotation
are so situated that they are very close to the original leadingvortex
ring, leading to very strong mutual induction and vigorous interac-
tions. The original leading vortex and control trailing vortex appear
to spin about each other so rapidly that they convect as a single
vortical structure. This vortical structure in turn interacts with the
control leadingvortex.The successiverapid vortex interactionslead
to the generation of high-frequency � uctuations of sound pressure
(Fig. 3). The control leading ring involves in lower-frequency in-
teractions, and the interactions of the original trailing ring are of
even lower frequency. These different interactions result in differ-
ent accelerations of the four vortex rings (Figs. 5a and 5b). The

a) Streamwise acceleration

b) Radial acceleration

Fig. 5 Time variationsof accelerations of vortex rings at intense ampli-
� cation: – – –, leading vortex ring; ——, trailing vortex ring; ¢ ¢ ¢ ¢ , con-
trol leading vortex ring; and – ¢ – ¢ –, control trailing vortex ring. Control
vortex pair: ¸c/¸T = 0.25, ¸o /¸T = 0.5, C c /C T = 2.0, and Rc/RT = 1.25.

magnitude of normalized acceleration of the original leading ring,
both the streamwise and radial, is the highest of about 50, whereas
that of the control trailing ring is about 30. They correspond to the
high-frequency interactions shown in Fig. 4. The magnitude of ac-
celeration of the control leading vortex ring is lower by about 10
and of the original trailing ring by about 4. Even the lowest of the
four is still much higher than that of the originalvortex pair of about
0.3 (Ref. 25). The phenomena imply that the intense far-� eld sound
pressure is caused mainly by the high-frequency interaction of the
original leadingand control trailingvortex rings and their associated
high accelerations.

For the MA of +9 dB at k c / k T = 1.25, k o / k T = 0.5, C c / C T =
¡ 0.75, Rc / RT =1.0, the presence of the control vortex pair results
in high peak pressures caused by the interactions of the original
trailing and control trailing vortex rings and then of the original
leading and control leading vortex rings at t 0 < 5 (Figs. 6a and 7).
At t 0 > 5 the peaks are caused by the slip throughs of the control
leading and control trailing vortex rings of lower circulation and
their convection upstream. Its frequency is lower.

For slightattenuationat SR of ¡ 3 dB(k c / k T =1.25, k o / k T =0.5,
C c / C T = 0.5, Rc / RT = 1.75), the peak pressures are +0.49 and
¡ 0.19 at t 0 < 5 (Fig. 6b) because of the interactions of the original
trailing and control trailing vortex rings and then of the original
leading and control leading vortex rings (Fig. 8). After the initial
interactionsat t 0 < 5, the repetitiveslip throughsof lower frequency
of the original leading and trailing vortex rings are found.

For moderate attenuation at MR of ¡ 13 dB ( k c / k T =1.0,
k o / k T =0, C c / C T = ¡ 0.50, Rc / RT = 1.75), the peak pressures of
+0.36 at t 0 =7 is caused by the � rst slip through of the two control
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a)

b)

Fig. 6 Far-� eld sound pressure: a) ——, moderate ampli� ca-
tion; control vortex pair: ¸c/¸T = 1.25, ¸o/¸T = 0.5, C c/C T = ¡ 0.75,
and Rc/RT = 1.0; b) – – –, slight attenuation; control vortex pair:
¸c/¸T = 1.25, ¸o/¸T = 0.5, C c/ C T = 0.5, and Rc /RT = 1.75; – ¢ – ¢ –, mod-
erate attenuation; control vortex pair: ¸c/¸T = 1.0, ¸o/¸T = 0,
C c/ C T = ¡ 0.50, and Rc/RT = 1.75. ¢ ¢ ¢ ¢ , two-vortex-ring system.

Fig. 7 Locations of four interacting vortex rings at moderate ampli� -
cation: – – –, leadingvortex ring;——, trailingvortex ring; ¢ ¢ ¢ ¢ , control
leading vortex ring; and – ¢ – ¢ –, control trailing vortex ring. Control vor-
tex pair: ¸c/¸T = 1.25, ¸o/¸T = 0.5, C c/C T = ¡ 0.75, and Rc/RT = 1.0.

vortex rings (Figs. 6b and 9). At t 0 > 7 the low sound pressurepeaks
are caused by the repetitive slip throughs of the two control rings
of low circulation. The absence of the slip through of the original
vortexpair and the nearlyzero pressureof thoseof the controlvortex
pair are the cause for the signi� cant attenuation.

The power spectra of the far-� eld sound pressure of the preced-
ing four representativecases and of the two-vortex-ring system are
illustrated in Fig. 10. The broad spectrum of MR does not have the

Fig. 8 Locations of four interacting vortex rings at slight attenuation:
– – –, leadingvortex ring;——, trailingvortexring; ¢ ¢ ¢ ¢ , control leading
vortex ring; and – ¢ – ¢ –, control trailing vortex ring. Control vortex pair:
¸c /¸T = 1.25, ¸o /¸T = 0.5, C c/C T = 0.5, and Rc/RT = 1.75.

Fig. 9 Locations of four interacting vortex rings at moderate attenua-
tion: – – –, leading vortex ring; ——, trailing vortex ring; ¢ ¢ ¢ ¢ , control
leading vortex ring; and – ¢ – ¢ –, control trailing vortex ring. Control vor-
tex pair: ¸c/¸T = 1.0, ¸o/¸T = 0, C c/C T = ¡ 0.50, and Rc/RT = 1.75.

Fig. 10 Spectra of far-� eld sound pressure: ——, two-vortex-ring sys-
tem; – – –, IA; ¢ ¢ ¢ ¢ , MA; – ¢ – ¢ –, SR; and – ¢ ¢ – ¢ ¢ –, MR.
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Table 1 Comparison of sound generation of two-vortex, three-vortex, and four-vortex systems

MR SR IA MA

System p 0
max D SPL, dB p 0

max D SPL, dB p 0
max D SPL, dB p 0

max D SPL, dB

Two vortex25 +0.715 0 —— —— —— —— —— ——
¡ 0.184 —— —— —— —— —— —— ——

Three vortex25 +0.30 ¡ 15 +0.36 ¡ 10 +3 £ 103 +55 +2.4 +10
¡ 0.10 —— ¡ 0.17 —— ¡ 7.55 £ 103 —— ¡ 0.6 ——

Four vortex +0.36 ¡ 13 +0.49 ¡ 3 §2 £ 104 +85 +4.0 +9
¡ 0.17 —— ¡ 0.19 —— —— —— ¡ 6.5 ——

discrete spectral peaks and of lower level than that of SR. The latter
has more discrete peaks, but its spectral level is lower than that of
the two-vortex-ring system. The spectrum of MA has higher levels
and more higher-frequency components than those of two-vortex
system. The spectrum of IA tends to be broad and has signi� cant
increase in the high-frequencycomponents.

An important assumption of the low-Mach-numberaerodynamic
sound theory is the ratio of the characteristicdimensionof the sound
generating � ow, the RT in the present study, to the acoustic wave-
length k acou being much smaller than unity, i.e., RT / k acou ¿ 1 (Refs.
2, 6, and 10). For RT ¼ k acou the normalized frequencyof radiation
f 0 might possibly have the relationship of f 0 ¼ c0 RT / C . Leung
et al.9 proposed a relation between the vortex circulation and the
jet � ow velocity U as C = kU DSr ¡ 1/ 3

D , where k is a constant and
D ¼ 2RT the nozzle diameter. After some simple mathematics the
frequency is

f 0 ¼ c0 / kU (6)

Typical experimental values of k and U are 1.11 and 50 m/s,
respectively.9 Substituting these values into Eq. (6), one gets an
estimate for f 0 ¼ 30. All power spectra shown in Fig. 10 fall be-
low this limit. Thus, the sound computation for all cases in the
present study is acoustically compact under the context of low-
Mach-number aerodynamic noise theory, although the dominating
high-frequencypeaks emerge in the cases similar to the IA.

The p 0
max and D SPL of the original two-vortex system, the three-

vortex system,25 and the present four-vortex system are tabulated
in Table 1. For the MR the present four-vortex system has slightly
higher p 0

max, thus smaller attenuation by about 2 dB. However, both
systems have peak pressures lower than those of the original two-
vortex system because of the suppression of the slip through of the
original vortex pair by the control vortex pair of lower circulation.
For the SR the smaller attenuation than that of the MR is associated
with the weaker suppression of the slip throughs of the original
vortex pair by the control vortex pair. However, the control pair still
plays its role in suppressing the interaction of the original vortex
rings, though to a lesser degree.

With the introductionof the control vortex pair, ampli� cation of
the far-� eld pressure is found, as long as the control vortex rings
have comparable or greater circulation than those of the original
vortex pair. The present four-vortexsystem has signi� cantly higher
ampli� cation for the IA than the three-vortex system, by as much
as +30 dB, because of the rapid interaction and the associated ac-
celerationsof the adjacent original and control vortex rings.

For the MA, though the circulation of the control vortex pair is
comparable to that of the original vortex pair, its initial vortex sepa-
ration and its location with the original vortex pair, then, play their
role in the interaction.The slip throughsof the adjacentvortex rings,
be they of the original or control rings of comparable circulation,
are similar or more intense than the two vortex system.

Experiments devoted to explore the relationship between the dy-
namics of the � ow structures in the near � eld of coaxial jets and the
associatedsound generationare scare.Thus, direct comparisonwith
the present � ndings is not possible. However, although the present
investigation is based on no mean � ow, the present results still pro-
vide some insight into the mechanism of noise generationof coaxial
jets, in which the initial vortex rings play a signi� cant role. As the
single-jet sound generationcould be predicted by the simple model
of pairing of two vortex rings,9 the introduction of a control vortex

ring proved to be reasonably successful in predicting the trend of
the noise attenuation of inverted velocity pro� le coaxial jets.25

Flow visualization of coaxial jets of mean velocity ratios
1 < Uo / Ui < 6.67 and nozzle exit diameter ratio 2 at the Reynolds
numbers, based on the outer jet diameter, 1 £ 104 · ReDo ·4 £ 104

indicated the presence of outer vortices and their coalescence in
the outer mixing region.16 For Uo / Ui ·1.25 the alternating vor-
tices shed behind the inner nozzle lip are the only one present. For
Uo / Ui > 2 the inner vortices, which have an opposite sense of ro-
tation to that of the outer vortices, are dominant. Coalescence of
these inner vortices and their evolution into another train of vor-
tices that resembles the wake vortices found in the annular jet are
observed.16 , 18 For 1.25 < (Uo / Ui ) ¡ 1 < 2 both the alternating wake
and shear layer structures are present. Farther downstreamfrom the
nozzle exit, there is interactionof the outer and inner vortices of the
two types.

The � ow visualization,nearly of the same Reynolds number, was
based on the coaxial jets of nozzle exit diameter ratio 1.4 (Ref. 17).
As the initial instability and subsequent roll up at each interface are
closer than those of Au and Ko16 because of the difference in the
mutual induction of the vortices, one would expect earlier and more
extensive interactions of the vortices from the two more adjacent
shear layers.17 For the coaxial jets of Uo / Ui ·1, the outer vortices
are always present.17 However, at Uo / Ui =1.14 a locking between
the two shear layers is evident, and the inner layer does not seem to
roll up into vortices. For 2.56 ·Uo / Ui ·4.16 the inner layer rolls
up to form shear-layer vortices with opposite sense of circulation.
The lockingof the two layers produces a cyclic interactionbetween
the two types of vortices.

The visualization study of coaxial jets of nozzle exit diame-
ter ratio 1.35 also showed that the outer vortices, which domi-
nate the � ow dynamics, are insensitive to the mean velocity ra-
tio 2 ·Uo / Ui ·4 (Ref. 20). The two mixing layers, as found by
the preceding workers,16 – 18 develop independently of each other,
and the two types of � ow structures interact near the end of the
outer potential core. Even at Uo / Ui > 8, higher than the critical
value at which the near-� eld � ow pattern is characterized by the
formation of a recirculating � ow cavity of wake-type structure, the
roll-up outer and inner structures are still found to interact.20 Even
with the limiting case of annular jet, the inner vortices are still
observed.22 –24

For Uo / Ui < 1 the outer vortices are also dominant.15, 17 For the
inner mixing layer an inner train of vortices was shown.15 How-
ever, the recent results at Uo / Ui =0.59 and 0.71 only indicated the
indication of instability of the inner layer, and it has not rolled up
into vortical structures.17 This instability seems to be affected by
the outer vortices. The difference in the observations of the inner
mixing layer and the subsequentroll up into vorticesmay be caused
by the difference in the inner boundary layer at the inner nozzle exit
and in the nozzle exit diameter ratio at which the mutual induction
of vortical structures may play its part.

Thus, instead of the addition of a single control vortex ring, the
present system of two vortex ring pairs gives a better simulation of
the coaxial jet near-� eld � ow dynamics.Although the two potential
� ow streams and their mean shears are not included,the � ow visual-
ization of coaxial jets of lower Reynolds number ReD =1.67 £ 103

showed interaction of the two adjacent, still distinct, vortex ring
pairs from the outer and inner mixing layers at z / Do ¼ 1 (Ref. 29).
At k = 1.67 the four vortex rings of distinct identities undergo in-
teraction at z / Do ¼ 1 and farther downstream.The numerical study
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on the effect of the presence of a background axisymmetric poten-
tial � ow on the pairing of two coaxial vortex rings showed that the
� ow affects substantiallythe sound generationprocess in the begin-
ning of their interaction.26 The mean shear rate increases the sound
generated when the vortex rings are interacting within the region
of high mean shear. However, because of nonzero divergence, the
mean velocity pro� le of a practical jet could not be used. Rather, a
potential � ow based on the Bessel functions of the � rst kind of the
zero and � rst order was adopted.30 This illustrates the dif� culty in
modeling with a real jet mean velocity pro� le, not mentioning two
pro� les of different velocities and mean shear.

Nevertheless, the present simpli� ed model predicts ampli� cation
and attenuation of the sound generated for the control vortex ring
pair having the positive and negative circulation.For coaxial jets of
normal velocity pro� le (Uo / Ui < 1), the experimental results indi-
cated a reduction in the overall sound pressure level, relative to the
noise from the inner jet at 0 < Uo / Ui < 0.75 (Refs. 11 and 31). A
maximum noise reduction is about ¡ 3 to ¡ 5 dB at Uo / Ui ¼ 0.5. At
0.75 < Uo / Ui < 1 increase in noise is found. By adopting the fully
mixed equivalent jet, having a uniform exit pro� le and the same
exit area, mass � ow rate and thrust as the coaxial jets,12 the coaxial
jets with normal velocitypro� le are noisier.However, in the present
study, the sound generated by the interactionof the four vortex ring
system is compared with that of the original vortex pair. It seems
to be more appropriate to compare the present results with those of
coaxial jets having a single jet as the reference.11 , 31 The present SR
of ¡ 3 dB is found at C c / C T =0.5 and Rc / RT =1.75 (Fig. 2c), at
which the same sense of rotation and the radii of the control and
original vortex rings correspond to the vortices within the coaxial
jets of normal mean velocity pro� le. The present attenuation of ¡ 3
dB is also comparable with the maximum reduction of ¡ 3 to ¡ 5
dB of coaxial jets at Uo / Ui ¼ 0.5 (Refs. 11 and 31).

For the same sensed control and original vortices the IA at
C c / C T =2.0 of +85 dB is much higher than about +6 dB of
coaxial jets of normal mean velocity pro� le of Uo / Ui ¼ 0.95
(Refs. 11 and 31), mainly because of the intense and rapid inter-
actions of the same sensed vortices shortly after the start of com-
putation (Fig. 3). Later, these interactions can further be intensi�ed
and produce higher pressure � uctuations.The assumption of no co-
alescence and amalgamation of these interacting vortices, allowing
their continuousintense interactions,is the main causefor such large
discrepancy.

Moderate ampli� cation, at 5 < D SPL < 20 dB, is also found at
C c / C T > 1 of the same sense of direction of rotation of both the
control and original vortices. The regime is generally smaller than
that at C c / C T < 0 of opposite sense of rotation (Figs. 2a–2c). At
the MA with C c / C T = ¡ 0.75, the increase is +9 dB for 0 < t 0 ·50.
This increase, as other cases in this regime of moderate ampli� -
cation, is mainly caused by the high transient increase in the be-
ginning of the interactions (Figs. 6a and 7). For 2 · t 0 ·50 the in-
crease is only +4.7 dB, and for 3 ·t 0 ·50 attenuationof ¡ 2.9 dB is
found.

For coaxial jets of mean velocity ratio less than unity, at
Uo / Ui =0.95 the ampli� cation is about +5 dB (Refs. 11 and 31).
At velocity ratio greater than unity, the ampli� cation is about +5 to
+9 dB at Uo / Ui ¼ 1.2 (Refs. 11 and 12). This is comparable with
the MA of +9 dB of the present study. This general agreementmay
be caused by the presentmodel of thin vortex rings that can simulate
the interactionsof the initial vortex rings, soon after their roll up and
are still of small core sizes before their pairings.

The regime of moderate attenuation, with the MR of ¡ 13 dB,
is mainly found in the quadrant of negative circulation ratios
0 > C c / C T > ¡ 1 and radius ratio 1 < Rc / RT < 2 (Figs. 2a–2c). In
this quadrant the control and original vortex rings have the opposite
sense of rotation. This corresponds to the coaxial jets of inverted
mean velocity pro� les of Uo / Ui > 1. By comparing the coaxial jet
noise level with that of Uo / Ui = 1, a reduction of 10 dB in nor-
malized overall sound power level is obtained when the Uo / Ui is
increasedfrom 1 to 2 (Ref. 12). When comparedwith either the fully
mixed equivalent jet or the jet of total thrust being maintained con-
stant, the maximum reduction is 3 to 4 dB at Uo / Ui ¼ 1.5 (Ref. 12).
Thus, the present moderate attenuation is comparable with those of
coaxial jets.

The coaxial jets with inverted velocity pro� les are quieter,
whereas those with normal pro� les noisier. This phenomenon is
also indicatedby the present results that the ampli� cation and atten-
uation in the regime of negativecirculationratio are generally lower
than those in the regime of positive circulationratio. Further, for the
coaxial jets of inverted mean velocity pro� les, the one-third octave
sound pressure level spectra show a reduction in the pressure level
at low frequencies and an increase at higher frequencies with the
increase from Uo / Ui =1.00 to 1.75 (Ref. 12). The spectra shown
in Fig. 10 indicate for the MR and SR the increase in levels at high
frequenciesfrom the two-vortex system is caused by the intenseand
rapid interactionsof adjacent vortex rings. At low frequencies there
is also a reduction in level, especiallyfor the MR. These phenomena
agree with the trend of coaxial jets.

For coaxial jets of normal mean velocity pro� le, the noise re-
duction also depends on area ratio.11 , 12 As discussed on the � ow
visualization results, the differences in the state of development of
the instability within the inner shear layer, its roll up, and the ef-
fect of mutual induction caused by the outer vortex rings may be
the cause for the difference in noise reduction. As indicated by the
present study, the relative positions of the individual control and
original vortex rings, caused by the radius ratio Rc / RT , separation
ratio k c / k T , and phase k o / k T , affect the sound generated and their
ampli� cation or attenuation (Figs. 2a–2c). However, the present
model deals only with vortex rings, whereas the coaxial jets may
still have their shear layers and the instability has not yet rolled up
to form the initial vortex rings.17

Conclusion
Based on a numerical study of the interactions of two pairs of

two coaxial thin vortex rings of the same and opposite circulation,
different varieties of widely different near-� eld vortex interaction
patterns are found. These interaction patterns depend on the circu-
lation ratio, radius ratio, separation ratio, and phase of these two
interacting pairs.

Out of these different varieties of patterns and their associated
far-� eld sound generation, four basic types of interaction with dif-
ferent degrees of ampli� cation or attenuation are established. The
intense ampli� cation is caused by the very rigorous and rapid inter-
action and signi� cant increase in the acceleration of the interacting
vortices.The moderate ampli� cation is the result of initial enhanced
interaction. For attenuation the slight attenuation is caused by the
slight suppression of the original two vortex rings by the control
vortex pair and their subsequent repetitive slip throughs. For mod-
erate attenuation the control vortices suppress the initial interaction
and the subsequent slip throughs, resulting in lower far-� eld sound.

In comparisonwith three-vortexsystem, thepresentsystemof two
control vortex rings generally results in signi� cantly higher ampli-
� cation and slightly smaller attenuation,which is mainly caused by
the second controlvortex ring that offers anotheropportunityfor in-
teraction. This illustrates the contributionof interaction of vortices
to the generation of sound and the importance of the understanding
of the structuresof vortexpatternsand the dynamicsof their interac-
tion. The present simple model of four thin interacting rings shows
general agreement with the noise generation of coaxial jets of both
normal and inverted mean velocity pro� les, in which the very rapid
and intense interactions are not continuous.
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